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Abstract 



We consider the Cauchy problem for evolutionary Faddeev model correspond- 
ing to maps from the Minkowski space M^+" to the unit sphere S^, which obey a 
system of non-linear wave equations. The nonlinearity enjoys the null structure 
rG , and contains semi-linear terms, quasi-linear terms and unknowns themselves. We 

Cd I prove that the Cauchy problem is globally well-posed for sufficiently small initial 

data in Sobolev space. 

Keywords: Faddeev model, global existence, quasi-linear wave equations, semi-linear 
, ^ ; wave equations. 

^■ 

^. ■ 1 Introduction 

m 

^ I Denote an arbitrary point in (n + l)-dimensional Minkowski space R x M"' by z 

(t,x) = {x°')o<a<n, the space-time derivatives of a function by 



d={dt,V) = {d, 



'a 0<a<n- 



c^ ■ We raise and lower indices with the Minkowski metric rj = {rjap) = 1] ^ = (r/"'^ 

diag(l, -1,-1,-1). 

To describe the Faddeev model, let us consider Sobolev mappings from the Minkowski 
space (R X M", r^), ri > 2 to the unit sphere S^: 

n: (RxM",r^)^§2 (1.1) 
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and the Lagrangian density governing the evolution of the fields n (see Faddeev [HI El 
i): 

£(n) = ]-d^Ti ■ d^n - hdf,n A a^n)(a^n A d^n). 

Then solutions of the Faddeev model can be characterized variationally as critical 
points of the action integral 

^(n) = / C{n)dxdt. (1.2) 

The equations of motion of the Faddeev model takes the form, 

nAa^a^n+ [a^(n- [9'^nA9'^n])]a^n = 0, (1.3) 

which is the Euler-Lagrange equation of C{n) in local coordinates(see Faddeev O [71 18] 
and Lin- Yang [21j and references therein). 

The Faddeev model (11.31) was introduced to model elementary particles by us- 
ing continuously extended, topologically characterized, relativistically invariant, lo- 
cally concentrated, soliton-like fields. The model is not only important in the area of 
quantum field theory but also provides many interesting and challenging mathematical 
problems, see for examples [26], [27], [28], [25], [23], [5], [2] and [21]. There have been 
a lot of interests in recent years in studying mathematical issues of static Faddeev 
model (see Lin- Yang [T71 UHl [191 120] and review papers by Faddeev [8] and Lin- Yang 
[2T]). However, the corresponding evolutionary equations (II. 3p . which turn out to be 
unusual quasi-linear wave equations, are still untouched to our best knowledge(see also 
Lin- Yang [21]). 

In the case of n > 3, there are now classical and well developed theories on global 
well-posedness for quasi-linear wave equations with null structure and small initial 
data, see for examples, Christodoulou and Klainerman [1], Lindblad-Rodnianski [22], 
Sideris [23- Such theories can be easily employed to solve the evolutionary system of 
the Faddeev model also when n > 3. The aim of this paper is to prove the global 
well-posedness of the Cauchy problem of the Fadeev model (11.31) in M^"*"^ under the 
assumption that the initial data is small in some generalized Sobolev space. These 
results provide a starting point for further studies of evolutions of intereacting particle 
like approximate solutions, see [2S] and 



Theorem 1.1. Suppose that niQ,n2o,nii,n2i € C^(]R^) with s >9 and 



ll'^iollH'+a, \\n2o\\H-+2, \\nu\\Hs+i, |P2i||h=+i < e, nso = yl - rifo -n^Q. 

Then there exists a small positive constant eo such that the Faddeev model (II. 3p with 
the initial data 

ni{0,x) = Uio^x), dtUj^Ojx) = nji{x), I <i <3, I < j <2 

is well-posed globally in time provided that e < eo- 



The nonlinearity in Faddeev model fll.3p (see also system fl3.ip in section 3 and 
system (14. ip in section 4) enjoys the so-called null structure, which can be used to 
explore better decay estimates of solutions, see [H [121 ISll [1]. In the two space di- 
mension, it seems the best result was due to Alinhac |l], where the author introduced 
the so-called "ghost weights" in the energies and proved a global existence result for a 
class of quasi-linear wave equations (without terms which are semi-linear and involving 
unknowns themselves) with small initial values and null conditions. For quasi-linear 
wave equations whose nonlinearities are cubic, and involve only the derivatives of un- 
knowns, we refer the reader to Li Tatsien [16] or Hoshiga [9]. One notices, however, that 
the nonlinearity in the Faddeev model (II .Sp contains both semi-linear and quasi-linear 
terms where the semi-linear terms are cubic and involve the unknowns themselves (see 
(13. ip in section 3). Technically, it becomes much more complicated since the estimates 
for unknowns themselves can not be obtained by the usual Klainerman's generalized 
energy estimates. We also find that Alinhac's method is difficult to apply to such kind 
of nonlinearities in the two space dimension. 

To prove Theorem II. 1^ We will need the following a priori estimates: 

Theorem 1.2. Let s > 9 and {ni,n2) he a global classical solution to (II. 3p with initial 
data riQ which is given in Theorem \1.3[ Then there holds 



'Eli\\d'n{t,.)\\^^^^^,<Me{l + ty, 

{n,{t, ■), n2(t, ■)) \\r,s,L2 < Me{l + t)h+^\ (1.4) 

^ II (ni(t, •), n2(t, ■)) ||r,._2,Loo < ^€{1 + t)-i, 

for some appropriately small positive constant 6 and some positive constant M provided 
that the initial data satisfies 

lhio||//'^+2, lh2o||H-+2, ||mi|k-+i, ||?^2i||//-+i < e (1-5) 

for sufficiently small positive constant e. 

To show the energy estimates of unknowns themselves (see the second inequality in 
( 11. 4p ). we shall use the following refined norms as in [T5j : 

n-l. 



Using this norm, we are able to get essentially optimal L^ estimates for unknowns 
themselves: 

\\u{t, OIU^ < \\u{o, OIIl^ + c(i + t)-2\\\dMo, oil 4 



'L7 



Jo 



\\Du{t, OII^i^^^ + (1 + r)-^||nn(r, OIU^.x^)^^ 



where Xi is the characteristic function of {x : \x\ < 1 + |} and X2 = 1 ~ Xi- The 
proof of the above estimate is presented in Theorem I3.1[ See (12. ip and fl2.2p for the 
definitions of the norms appearing on the right hand side of the above inequahty. The 
crucial point in this a priori estimate is that it allows us to take the advantage of 
the faster time decay of u in the region of suppxi and extra time decay of u in the 
complement of suppxi which is usually due to the null structure of nonlinearities. The 
above L^ estimate combining with the best L^ — L°° estimate (see Theorem 12.31 and 
Theorem 12.40 by Klainerman [T3] and Hormander [10] allows us to be able to get the 
a priori estimate in (II. 4p . We also point out that our Lemma [4. II is not covered in the 
Lemma 4.1 of [Ij. 

The analysis in this paper can be used to deal with nonlinear wave equations 
with semi-linear terms, quasi-linear terms involving unknowns themselves as well. The 
method can likely be also adopted to study the sharp lifespan of nonlinear wave equa- 
tions Dn = F{u, du, d'^u) in two and three space dimensions with both semi-linear 
terms and quasi-linear terms that may contain unknowns themselves. 

The paper is organized as follows: In section 2, we review some basic estimates for 
solutions of linear wave equations and the notion of null forms. We prove then the L^ 
estimate for solutions of the linear wave equations. The second and the third a priori 
estimates in the Theorem 11.21 are established in section 3. In the final section 4 we 
prove the first a priori estimate in Theorem 11.21 

2 Preliminaries and Estimates for The Linear Wave 
Equations 

After some preliminary discussions, we shall prove certain energy estimates for solutions 
of the linear wave equations which are essential for establishing the inequalities in 
Theorem 11.21 We first introduce several notations: 



L- = (ni/K)iii,(5"-r"-^rf-)', 



(2.1) 
|L-,« = sup^>o ||/(rOI|M(5"-i)- 

It is easy to see that 

ll/IU... = II/IIlp. 

For any integer s > 0, real numbers 1 < p,q < oo and any characteristic function 
ip{t,x), we will denote 

lh(t,-)||r,.,LP.^^ = E|fe|<JlV'(i,-)r'=w(i,-)IUp.^, ^ ^ 

, (2.2) 

\u{t, ■)\\r,s,Lp-'> = E|fe|<s W^ u{t, OIIlp... 

Here as in Klainerman [14j, we use the following vector fields (operators): 

T = {d,L,n), (2.3) 



where 

r 

d= (5a)o<a<n = (5i,V), 

Si V ji/i<«,i<n, «7^i' *i XiOj XjOi, 

^ Lq = tdt + rdr = Xada, Li = tdi + Xidt. 

Denote the wave operator hy \3 = df — /S. and the Possion product by [-,■]. 
First of all, it is easy to check that the following Proposition holds: 

Proposition 2.1. For any multi-index a, we have 

[n,r"]= Y. c'«/3r^°' [^'^1= E ^-/^^^^ (2.4) 

|/3|<|q|-1 l/3|<|Qhl 

for some constants Cap and C^^ . 

Concerning Klainerman's vector fields in fl2.3p . one also has following Proposition: 
Proposition 2.2. There exists a positive constant C such that 

\d'u{t,x)\ < C(l + |t-|x||)"' Y, \^Mt,x)\ (2-5) 

|a|<s 

holds for all smooth function u{t, x). 

Proof. In fact, (12.51) is obvious if It — |a;|| < 1. Otherwise, (12.51) follows from the 
following expressions: 

_ tLg — XiLi ^ tLj — XjLq — Xkilkj 

t^ — |xP ' ^ t^ — |xp 

D 

Next let us recall the L°° — L} estimate for linear wave equations, whose proof can 
be found in Klainerman [T3l. 



Theorem 2.3. Assume that u solves the Cauchy problem of the homogeneous linear 
wave equation inM. x R".- 

Du = 0, u{0,x) = uo{x),ut{0,x) = ui{x). (2.6) 

Then we have 

M^, -JlU- < ^ ;773i (2.7) 

(1 + t) — 

for all t > 0. 

The following estimate can be found in Hormander [10]. 



Theorem 2.4. Let u solve the Cauchy problem of the inhomogeneous linear wave 
equation m M x M^; 

nw = /, m(0,x) = nt(0,x) = 0. (2.8) 



Then we have 



|„(,,)|<gJ„'ll/(^.OIIra..(l + r)-(^-).. 

(l + t+|x|)2(l+|t-|x||) 



(2.9) 



Here Q<1<\. 



We will need some Sobolev type inequalities. The first one is the well-known Sobolev 
Imbedding theorem on the unit sphere §"~^ centered at the origin: 

Theorem 2.5. Let x = r^, r = \x\. Then there holds 

sp>n-l: \v{x)\ = \v{rO\ < CE|fc|<. ll^''^^K)llLf , 



sp<n-l: ||t;(rO||L^ < C7E|,,<. W^'virOh^, 



^j — ^^|A:|<s 11"" '^V'Syil.L^) 



1 _ 1 s_ 

q p n— 1 ' 



(2.10) 



sp = n-l: \\v{r^)\\^ < CJ2\k\<s II^^^K)IU?> p < q < oo 



for all smooth function v{x). 

The second one is the Sobolev Imbedding theorem in a ball Ba with radius A 
centered at the origin: 

Theorem 2.6. Let A > 0. Then there exists a positive constant C independent of X 
such that 

sp>n: ||w|U-(B^) < <:7A"?^|„|<,AI"I||V"m||lp(B;,), 

<CA-"fe-i)E|.|<.AH||V"n|U.(^,), 



sp<n: \\u\\li{b^) ^ ^^^ - - ^\ 

np 1 1 s 



Q 



(n—sp) ' (/ p n ' 



(2.11) 



<CA-"(^i)E|.i<.AH||V"n|U. 



sp = n: WullL-JiBx) - ^^v - -' z^i 
p < q < oo. 



(Ba)' 



Proof. For A = 1, these are standard Sobolev imbedding inequalities. When A 7^ 1, it 
follows from a simple scaling technique. D 



Let us improve (12.111) to get decaying type inequalities for smooth function u{t, x) 
using the norms defined in (12. ip and (12.21) . 



Lemma 2.7. Let xi be the characteristic function o/|x||x| < 1 + |}. Th 
sp> n: ||M(t, OIIl-.xi < C{1 +tyf\\u{t,-)\\r,s,LP,xi 
sp<n: \\u{t, ■) |U.,x, < C(l + t)-"(i-i) ||M(t, ■) ||r,s,LP,xi 



en 



(2.12) 



sp = n: ||M(t,-)||L.,xi <Cil + t) ' 
p < q < oo. 



n(i-i) 



^(t,-)|| 



r,s,LP,xi 



Proof. Letting A = | + 1 in Theorem 12.61 and then using Proposition 12. 2[ one can 
easily check the above decaying type inequahties. D 

The following Lemma involves the estimate of Sobolev norms for composite func- 
tions, which can be easily proved by chain rules and Holder inequality. 

Lemma 2.8. Let a be a non-negative integer and F be a smooth function with F{w) = 
0{\w\^'^°') for \w\ < 1. For any integer s > and any characteristic function x, there 
exists a positive constant C such that 



a = : \\F{w{t, ■))\\t,s,lp,<i,x < C\\w{t, ■)\\t,s,lp^^,x-: 

a > 1 : \\F{w{t,-))\\Y^s,LP'i,x ^ C* 11^=1 lk(^i Ollr.s.LP-^sxIkl^' ■)llr,s,LTO,<;o,x, 

1 _ sr^a i_ 1 _ y^° J_ 



(2.13) 



holds for all w with ||'w(t, ■)||r,[^],L°= < 1- 

Finally, let us recall the definition of null structure satisfied by nonlinearity in 
nonlinear wave equations. For < a, /? < n, let 

QM.g) = djdpg - djdpg, Q{f,g) = dtfdtg - iyf){yg). 

Qajsif^g) and Q{f,g) are called nonlinearities with null structure. Concerning the 
nonlinearities with null structure, we have 

Lemma 2.9. Let Qa/sif^g) o-nd Q{f,g) are nonlinearities with null structure. Then 
one has 



\Qa^{f,g){t,x)\ + \Q{f,g){t,x)\< 



C{\Tf\\Dg\ + \Df\\Tg\) 



l + t 



(2.14) 



Proof. In fact, one can check the identities 

which give (12. 14^ if t is large. In the case that t is small, ( 12.14^ is obvious. 



D 



It is easy to check the following commutating property (see Klainerman |T2]): 

Lemma 2.10. Let T be any vector field defined in (12.31) . Qapifid) o-'nd Q{f,g) be the 
nonlinearities with null structure as in Lemma \2. 91 . Then there holds 

[T,Q] = XQ^s, 
where X's are constants and [T,Qai3]{f, g) = ^Q{f,g) — Q(Xf,g) — Qifi^g)- 



3 Proof of Theorem 11.1 



Let us first rewrite the Faddeev model (I1.3P under geodesic normal coordinates (ni, 77,2): 
, (uA ^ d,n,d^n, + d,n,d^n, fuA 

n^d^uid^ui + n{d^n2d'^n2 — 2nin2d^nid'^n2 fui 



+ 



1 - nf - ^2 V"2 

Q f di^nid''n2-d''nid''n2 \ 

^\ v/i"»f-"i / f (^ - nl)dyn2 + nin2dyni 
^\-n\- nl V^(l - nl)d^ni - nin2dun2 



which turns out to be quasi-linear wave equations. The local existence of classical 
solutions for quasilinear wave equations is well-known provided that the initial data 
belongs to Sobolev space H^^^ x H^^^ with s > 1 (see [H]). Consequently, our main 
Theorem II. II is just a corollary of the a priori estimates (II. 4p in Theorem IL2I 

This section and section 4 are devoted to establishing the a priori estimates in 
Theorem 11.21 Our strategy is to use the continuity arguement in the time variable t. 
By [11] and the assumptions on the initial data in (II. 5p . it is obvious that (ll.4p is true 
for sufficiently small time t and some big constant M depending only on the norms of 
the initial data in Theorem 11.11 Let us assume that T > is the biggest time such 
that (ll.4p is true on < t < T. If T = 00, then we are done. If T < 00, we are going 
to prove that 

'Ell II [Q'Mt, ■),d'n2it, •)) llr,,,^, < Me(l + t)^ 

I (ni(t, ■), n2{t, ■)) llr^,^^. < Me(l + t)i+25, (3.2) 

^ II (ni(t, ■), n2{t, ■)) llr ^_^ ^^ < Me(l + t)-i, 



for < t < T. By [TT] again, we conclude that (II. 4p is valid at least for < t < T + 60 
with a sufficiently small 60 > 0, and hence we obtain a contradiction to the maximality 
of T.Thus (II. 4p is valid for all time t > 0. 

8 



Consequently, our goal is to prove that fl3.2p is true for < t < T under the 
assumption that (11.41) is true for < t < T < oo. Before doing that, let us prove the 
following Lemma concerning the following L^ estimate of the unknown itself for linear 
wave equation: 



Theorem 3.1. Assume that u solve the linear wave equation m M x M^; 

Du = /, m(0, x) = uo{x), Ut{0, x) = ui{x). 
Then we have 

\\u{t,-)h2<\\uo{-)h^+C{l + t)'^[\\u,{-)\\^. 

+ r (ll/(^, Oll,!,^^ + (1 + r)-^||/(r, OIIlm ,,)dr}, 

where xi is the characteristic function of {x : \x\ < 1 + |} and X2 = 1 — Xi- 
Proof. To prove (13.41) . we compute that 

sin(|e|t) 



(3.3) 



(3.4) 



Ht,-)\\L2 < \\Uoi-)\\L2 + 



+ 



sm 



imt-r)) 



lei 






-MO 



dT + 



L2 



sm 



imt-r)) 



lei 



X2f{r,0 



dr. 



Next we do the following straightforward computation 



Mm 



lei 



MO 



<c 



L2 



I I 1 V -t / 

|?7| t' 



L2 



{^ + \vWui{f) 



L2 



cr 



{l + \ri\)-\i{tx){r,) 



L2 



< ce\\ui{tx)\\H-^ < ce\\ui{tx)\\, = ct5||Miii 4. 



L3 



IL3 



A similar estimate also holds for J 



{\m-r)) 



l«l 



Xi/(r,0 



dr. 



Finally we compute 

sin del (t-r)) 



X2/(r,0 



lel 
<Cit-rf\\x2f{r,it-r)x)y-^ 

fX2f{r,{t-T)x)v{x)dx 

= C[t — T) sup ^ r—r 

^ ^,, ,2 ||x2/(r, (t - r)x) 11^,,, ||t;|L^,2,|(,„,),|>i±z 
< C (t — r) sup ^—f^ ^— 

9,1 . M, (sup,> li. /|t;(rO|H 

<C(t-r)2||x2/(r,(t-r)x)||^,, sup ^ "'^ 



veH^ 11^11^1 



<C||/(r,x)|Ui.,,, sup ^ -^<*-^' 



»;ei/i ll"*^!!//! 



< C||/(r,x)|Ui.,,,y[^< Cy^||/(r,x)|UM,,. 

The proof of Theorem 13.11 is thus completed. D 

Remark 3.2. It is easy to see that the following estimate 



Mt,.)h^<\\uoi-)\\L^ + Cil + t)^[\\u,{.)\\j+ \\f{T,.)\\jdT^ (3.5) 

•-' u 

is also true by using the same proof as that for Theorem 13. 1[ In fact, one deduces (13. 5p 
in the case that f{t, x) decays sufficiently fast outside the light cone {(t, x) : |x| < 1+|}. 

Now let us move on to show (13.21) for < t < T under the assumption that (II. 4p is 
true for < t < T < oo. We shall first prove the second and third a priori estimates 
in (13. 2p . while we will prove the first inequality of (13. 2p in section 4. 

First of all, noting that [|] + 5 < s for s > 9, one can easily deduce from Sobolev 
inequality and the third inequality in (II. 4p that 



5^||(a*ni(t,-),a'ri2(t,.))|r_[.]^i,^^ (3.6) 

i=0 

< C\\ (ni(t, ■),n2{t, ■)) ||r^[.j+3^^o, < C\\ (ni(t, ■), n2(t, ■)) ||r,.-2,L- 
<CMe(l + t)-5. 

Inequality (13. 6 p will be used repeatly in the rest of this section and in section 4. 

Estimates for || (ni(t, ■),n2(t, ■)) ||r ,_2_ioo in (D 

10 



Let 



V/2/ 1-^2-^2 \n2j ^ ■ ^ 

n^d^riid'^ni + n\dfj_n2d^^n2 — 2nin2d^nid^n2 frii 
1 - nj-nl V"-2 



(3i 



By Proposition I2.H one has 

'□r"ni = E,<„c',r'^/i, 

Consequently, by Theorem 12.31 and Theorem \2A\ we have 

||ni(t,-)||r,s-2,L-<C 5^ ||r%i(t,-)||Loo (3.9) 

|a|<s-2 



<c(i + t)-5 ^ |||r%i(o,-)lkM + ||5tr%i(o,-)lki 

|a|<s-2 

+ j\\\TVi{r,-)\\w^-^{l + r)-^dr] 
< C(l + t)"3|||(nio,n2o)||i:f'=+2 + ||(nii,n2i)||//s+i 
+ f[\\h{r,-)h,s-i,L<l + r)-^dr]. 



Here we point out that one can use equations (13.71) to express F^ni, 5i(r°ni), V°^n2 
and 9t(r"n2) at time t = in terms of the spacial derivatives of nio, n2o, n-n and n2i. 
As a consequence, one has that 

Y, {||r%i(o,-)lk2a + ||atr"ni(o,-)lkM} 

|q|<s-2 

< C(||(nio,n2o)||//»+2 + ||("'11,^2i)||h=+i)- 

Repeating the above argument, one also has 

||n2(t, ■)||r,s-2,L-' < C(l + t)~^|||(nio,ri2o)||i/-+2 + ||(nii, n2i)||/f.+i (3.10) 
+ j\\\h{r,-)h,s-i,L<l + r)-'^]dr]. 
To proceed further, we need estimate ||/i(t, Ollr.s-i.Li and ||/2(t, Ollr.s-i.Li- 

11 



First of all, Holder inequality gives 



\ — n\ — n^ 



<C 



ni 



1 — n\ — n\ 



r,s-i,L2i 



r,s-i,Li 
daUid^ni + dan2d^n2\ 



(3.11) 



r,[^l'^' 



+ C 



Til 



1 — nf — 11.2 
By (ll.4p and Lemma [2.81 we have 



r,[^],L° 



\dfj.nid^ni + d^n2d^n2\ 



r,s-i,Li 



1 — n\ — n\ 



<C||(ni, 



n2 



V,s- 



_^^, <CMe(l + r)5 



\+25 



r,s-i,L2 
By Lemma 12.91 and Lemma 12.101 we estimate 

\\d^nid^ni + d^n2d^n2\\.^^^s^^ ^^ 

|a+/3|<[^] 



L2 



<c(i + r)-^ J2 ||5r"r2irr% + 9r°n2rr%| 

l"+/3|<[^] 

< C(l + r)"^ II {drii, dn2) ||r,s-3,L2 II (^^i , ^^2) ||r,.-2,L- 



L2 



,-f+5 



ni 



<C(Me)2(l + r)- 
Consequently, the above two estimates yield 

p^n^d^m + d^n2d^n2\L ,^, ,, < C{Mef{l + r) 
r,s-i,L2" '"-'^ 2 J'-^ 

Similarly, using (11. 4p and Lemma [2.81 one more time, we can deduce that 

"1 



1 — n( — 712 



-1+35 



. (3.12) 



r,[Vl'^° 



< CMe(l + r)-2. 



1 — nf — n2 
By (ll.4p , Lemma 12.91 and Lemma I2.10[ one thus has 

\\d^nid''ni + d^n2d''n2\\^^^_^^^^ 

<C(l + r)-i(9ni,9n2)||r,s-i,L2||(ni,n2)||r,s,L2 
<C(Me)2(l + r)-^+35_ 

Consequently, one obtains that 



\ — n\ — n\ 



<C(Me)3(l + T) 



-1+35 



WnUid^ni + i9an2i9''n2 



r,s-i,Li 



(3.13) 



12 



Combining fl3.12p . ( I3.13P with (13. lip , we thus conclude 



ni [d^riid^ni + d^n2d^'n2) 



1 — n\ — n^ 



r,s-i,Li 



<C{Mef{l + T) 



-1+35 



A similar argument gives also that 

ni{n\d^nid^ni + n\d^n2d^n2 — 2nin2d^nid'^n2) 



1 — n\ — n\ 

To finish the estimate for ||/i(t, Ollr.s-i.Li, it remains to bound 
(1 — n\)di,n2 + nin2d^ni fd'^nid^n2 — d^nid^n2\ 



r,s-i,Li 



(3.14) 



(3.15) 



'l — n\ — n\ 



-d„ 



[- 



^1 — nf — nl ' 



r,s-i,Li 
Using Holder inequality, we can estimate the above quantity as follows: 

1-n? / . 



|a+,3|<s-l,|a|<|/3| 



1 — nl — nl 



\a+l^\<s-l,\a\<\l3\ 
\a+l3\<s-l,\a\>\l3\ 

|a+/3|<s-l,|a|>|^| 



■pQ 



nin2 



v^r^^ 



n^ 



r^\d,n,d, 



d'^'-nid'^n2 — d'^nid^n2\ 
a/1 — nl — nl ' 



Y'fy- 



I — nl \ a( {d^nid''n2 — d''nid'^n2\ 

I \ Oun2u. 



'l — nl — nl 



1 — nl — nl 



nin2 



v/r^7^ 



nt 



T^\d.nM^-^^^^^^^^^^^f^€^) 



yr^^^ 



n% 



Li 



{d^nid''n2 — d''nid^n2\ 



III Vv^r^T^ 



— fin 



r,s-2,L2 



r 



r,s-i,Li 



X 



Ell^ „ {d^nid^n2 — d''nid'^n2\ 
WyniOA ^ 



\ — n^ — ni 



r,[^],L2 



r,s-2,L2 



By (ll.4p and Lemma [2.81 we hence conclude 

l-nl 



r 



v/r^7^ 



n; 



r,s-2,L2 



+ 



77-1712 



yr^^ 



rir 



r,s-2,L2/ 



Ell f 0^nia''n2 -I 



d^nid^n2 — d^nid^n2\ 



71o 



r,[^],L2 



< C|| (tt-i, 722) ||r,[^],L°o II (721,712) ||r,s-l,L2 

X II {dni , <97i2) II r,.-2,L- II {dni , dn2) \\t,3,l^ 
<C(Me)^(l + r)-i+3<5_ 
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On the other hand, using Lemma 12.91 and Lemma I2.1UI one has 



2 

C'l/'T-jC'u = 



r,s-i,Li 



i=l,2,|«+^|<s-l,|a|>|/3| 



^ a/1 — n\ — n\ ' 



Li 



E 

i=l,2,|Q!+/3|<s-l,|a|<|/3| 






<C(1 + t) ^|||(ani,an2)||r,s-i,L2(||(ni,«2)||r,[^]+2,L-ll(^'^i.^'^2)||r,[^]+i,L2) 



+ ||(9ni,9n2)|| 



r,[- 



||(«i,?^2)||r,^,L2||(<9ni,5n2)||r,., 



L2 



Thus we obtain 

nx{r{^dpnxd^nx + nld^n2d^n2 — 2nin2d^nid'^n2) 



1 — n\ — n^ 



r,s-i,Li 



(3.16) 



< CiMef[l + (Me)2](l + r)-i+3^ 
Combining f l3.14p . f lS.lSp and f l3.16p . we arrive at 

||/i(r, ■)\\r,s-i,L^ < CiMefil + {Mef]{l + t)-'+'' . 
Inserting fl3.17p into (13. 9p . one gets 

x{||(nio,n2o)||H-+2 + 11(^11, ^^21)1^^+1 + (Mef 



(3.17) 



for some absolute positive constant C^. Repeating the above analysis, one can thus 
prove 

\\n2{t, ■)llr,s-2,Lo. < a[l + (Me)2](l + t)-^ 
x|||(nio,n2o)lk=+2 + 11(^11, n2i)||/^s+i + {Mef 



(3.18) 



One concludes that the third line in (13. 2p is true provided that 



e < 



2mjc: 



{nio,n2o)\\H''+^ + 11(^11, '^2i)||h''+i < 



Me 



Estimates for ||(ni(t, ■),ni(t, ■)) ||j, _^ ^2 ^^ (13. 2p 
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By Theorem 13.11 and using the similar proof as that for (13. 9p , one has 

||m(t,-)||r,s,L2 <C(l + t)5(||(nio,n2o)lk^+2 + 11(^11, ri2i)||H^+i) (3.19) 



and 



\n2{t,-)\\r,s,L^ <C(l + t)^(||(nio,n2o)||H=+2 + ||(nn,n2i)||,,.+i) (3.20) 

+ C{1 + t)i r (||/2(r, Ollp,,,^!,^^ + (1 + r)-'^ \\f2{r, ■)\\r,s,L^.2,^,)dr, 

^ 



where /i and J2 are given in fl3.7p . Hence we need to estimate ||/j(t, 

||/j(r,-)l|r,.,Li.2,x2 fori = 1, 2. 
They can be done as follows: 



'r,s,L3,xi 



and 



ll/i(^,-)|lr^ 
<C 






\ — n{ — r?2 



r,[f],L° 



|c?uni9''ni + (9„?7,2<9''n2| 



r,s,L3,xi 



+ \r?2d^nxd^nx + n^idfj,n2d''n2 - 2nin2d^nid^n2 



+ C 



rii 



1 — ni — ni 



T,s,L'2 



daUid^ni + dr,n2d^n2 



lr,[f],L4,xi 



+ |h2f^/x^i(?^?^i + n\df,n2d^n2 - 2nin2d^nid^n2\\^ .», .4 ^ 

2 



d^nid^n2 — d''nid^n2 






|a+/3|<s,|a|>|/3| 
|«+/3j<s,|a|>|/3| 



l-nl 



r,s,L3,xi 



v^r^^ 



n;^ 



r'^ .9.^25, 



711712 



V^l - 71? - 71^ 



d'^nid^n2 — d''nid^n2\ 
*- ^ a/ 1 - n^ - n2 ^ 



4 



4 
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Next , we use Lemma 12.81 and Lemma 12.71 to obtain 



1 — nl — nl 



r,[f],L° 



\dnnid''ni + dan2d^n2\ 



T,s,L^,Xi 



+ \\nldunid^ni + n\dan2d^n2 - '2nin2dnnid^n2\\^ 4 

II ^ f* -If- f- iii,s,_Ls,xi 

[\\d^nid^'ni + d^n2d^n2\L.s^j. 
r,s,L^ V" ^ ^ iir,i2],L ,xi 



I — n\ — n\ 



r,[f],L4,xi 



+ ||n2(9^rai(9^ni + n\d^n2d^n2 — 2nin2d^nid^n2\ 

< C\\ (ni, ria) ||r,[f ],l- [|I idnudn2)\\r,s,L" II ('^'^i' ^"-2) llr,[f ],l4,xi 
+ \\{ni,n2)\\r,s,L4i9ni,dn2)\\r,[§],L^xi\\i^i^^^)\\r,[^]+i,L^] 



+ IIK>^2)||r,[f]+l,L- Yl \\9^^i9t^^jh,l^]+l,L^ 



<C(l + r)-^|||(ni,n2)||r,[f],L-||(9rii,an2) 



2J r,s,L2 



'rii , 5n 



2j||r,[f]+i,L2 



+ (1 + r) ^11 (ni , ns) ||r,.,L2 1| (^1,^2) ||r,[f ]+2,l- || (5ni , dn2) ||r,[f ]+i,l2 
In a similar manner, one deduces that 



E|l_ ^ /d^nid'^n2 — d'^nid^n2\ 
WuniOui = 

i=i " ^ V J^ -'^i -^2 ^ 



r,s,LTi,xi 



< C||(9ni,<9ri2)||r,.,L2 



C\\{dni,dn2)\\r,[^iL\xi 



d^nid'^n2 — d^nid^n2 



r,[f]+i,L4,xi 



/d^nid''n2 — d'^nid^n2\ 
V . /I - nf - ^2 J 



r,s,L2 



<C(l + r)-^[||(ani,an2)||r,s,L2 + ||(9V,52n2)||r.,L2]||ani9n2||r,[|]+2,L2 
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and that 



|a+/31<s,lQ|>l/3| 

\a+/3\<s,\a\>\l3\ 



l-nj 






ni — n^ 



1 ) 






4 



nin2 






'1-^2-^2 V 



4 



< C\\ (rii, ns) ||r,[f ],L- 1| (^,^12) ||r,s,L2 



dun2d^ ( /, 2 2 j 



^,[f],L^xl 



< C(l + r) 2|l(^i)"-2)l|r,[f],L-||(?^i,^2)||r,s,L2 
'd'^nid'^n2 — d''nid^n2\ 



d^n2d. 



<C{Mef{l + T) 
Therefore, we have 



-1+25 



r,[^l+i,L2 



\\h^^r)\\r,s,L^,^,<C{Mef{l + T)- 



-1+2(5 



(3.21) 



Next, by Holder inequahty and Theorem 12.51 one can proceed as follows: 



||/i(T,-)||r,s,Li.2,x2 
<C "^ 



1 — nl — nl 



r,[f],L°° 



Idnnid^ni + dan2d^n2\ 



r,s,Li'2 



+ 11^25^^19^ 77,1 + nld^n2d^n2 - 2nin2dfj,nid^n2\\^ 



s,L^ 



+ c 



ni 



r,s,L2 
2 



(\\d^nid''ni + 9^n25''^2||r,[^],i2,, 



1 — nf — n2 
+ \\nld^nid''ni + n\d^n2d^n2 - 2nin2d^nid^n2\\^ ,,, ^2,< 

/d^nid^n2 — d'^nid^n2\ 



+ C J^ P^nj^^f- 



i=l 

+ c|||r 
2 



vT" 



nt — rio 






l-nl 



v/r^^ 



n^ 



r,s-i,L2 



+ 



r 



r,s,Li.2 
nin2 



X 



i=l 



d^nid'^n2 — C?'^ni9^'n2\ 
2 Z2 7 



A 



nt — nn 



V^l - nf - n^ 



r,[f],Li'°° 



r,s-i,L2 



Noting that 



||a^ni9^ni + d^n2d''n2\\^^^^^i,2 

< C||(9ni,<9n2)||r,s,L2||(5ni,an2)||r,[|],L2,^ 

< C||(9r2i,<9n2)||r,s,L2||(5ni,an2)||r,[f]+i,L2, 

< Clla^nia/'ni + (9^n29''ri2||p r«,^^^^2 
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and using Theorem I2.5[ one can further estimate 

ll/i(r,-)||r,.,LM,x. <C(Me)3(l + r)-H2^. 
By inserting (13.211) into f l3.19p . one hence conclude 

\\niit,-)\\r,s,L^ < C^[il + t)^\\{nlo,n2o)\\H^+2 
+ ||(nii,n22)||^.+i) + (Me)3(l+t)5+2^]. 

Repeating the above analysis, one has 

\\n2it,-)\\r,3,L^ < C^[(l + i)^(||Ko,^2o)lk-+2 



(3.22) 



(3.23) 



(3.24) 



By (I3.23P and (I3.24p . we see that the second inequality in (13. 2p is true provided that 
(I3.18P is satisfied. 



4 Energy Estimates 

This section is devoted to estimating J2i=i ||'^*^('^' ■)|lrs l2 ^^^ proving the first in- 
equality in (13. 2p . We begin with the following Lemma: 

Lemma 4.1. Let n > 2 and 

supp V, supp w C {{t, x) : \x\ < t + p}. 
Then for all t > 0: 

\\vdw{t, oiu^ < c,\\vv{t, ■)\\L4^w{t, oiu- 

Proof. By (12.50 in Proposition 12. 2[ we have 

vTw{t, ■) 



\vdwit,-)\\L2<Cp 



p+ \t — \x\ 



p + |t — \x\ 

"r«;(i,-)IU 



L2 



L2 



<Cp\\Vv\\L2\\Tw{t,-)\\L^ 
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Here we used the following Hardy's inequality 



p+ \t — \x\ 



C„ 



L2 

t+p 



<c„ 



t+p 



\vH)? 



51=1 io {2p + t-ry 
2-"-!-^ ^ dS 



r^'-'drdS 



I^K)r^"~^ 



-a 



i\=iJo {2p + t-r) 

t+p \y(r^)\^ 



C. 



<-a 



< Cp\\Vv\\l2 



dr^'-'dS 
5l=iJo 2p + t-r 

|C|=iJo 2p + t-r 



p+ t — |x| 



L2 



D 



Now let us rewrite the Fadeev model f ll.Sp as 

df,d^n + (a^n ■ a^n)n + [d^[u ■ [d^n A a^n])]a^n A n = 0. 
For |a| < s and i = 0, 1, similarly as in f l3.8p . one derives from (14. ip that 

naT"n = - J] C„^aT^|(a^n • a^n)n + [^^(n ■ [a^n A d''n])]d^u A n|. 



(4.1) 



/3<a 



For 2 = and 1, taking the L^ inner product of the above equations with dtd^T°'xv 
respectively and then adding them together, one has 



1 d 



^^EEll(^*'V)aT"n||i. 



2dt 



(4.2) 



=0 |a|<s 



^ ^ ^ C^^l I dtdT'^n ■ dT^ [{d^n ■ a'^n)!!] dx 
[a^(n-[a''nAa'^n])]a^nAn 



i=0 \a\<s I3<a 

+ [dtdT'^n-dT 



dx 



Let us estimate the first term on the right hand side of (14.21) . A straightforward 
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calculation gives 

- E E E ^"/^ / ^^^'r'^n ■ aT^ [{d,n ■ a'^n)!!] dx 

j=0 \a\<sl3<a "^ 

1 

< C ^ ^ ^ llai^T^n ■ n||^2 ||aT^(9^n • a'^n) ||^, 

j=0 |a|<s^<a 
1 

i=0 |o|<s 7</3<a,j<i,j+|7|>l 



jr'+|7|>j-j+|/3-7| 



j+|7l<*-J + l/3-7l 

Noting the null structure of the nonlinearity and using (11.41) , Lemma 12.91 and Lemma 
I2.10[ we compute 

EE E ll^*^^r"n||^, (4.3) 

i=0 |a|<s 7</3<aj'<jj'+|7|>l 



I J2 \\cPr"'n\\^,\\d'-^r^-^{d^n-d''n) 

j+|7l>*-J + l/3-7l 
j+b\<i-j+\l3--y\ 

<C(Me)^(l + t)-i+2^ 
On the other hand, by n ■ n = 1 (which means n ■ n^ = 0), one has 

n ■ dT^'dtn = - [d'V^int ■ n) - n ■ d'V'dtn] (4.4) 

0<i<i,/3<oJ+|/3|>l 

Consequently, a similar argument as in (14. 3 p gives 

1 

EEEll^*^'r"n.n||^,||aT''(a,,n-a^n)||^, 

i=0 \a\<s I3<a 



<C{Mef{l + ty^2+sJ2Yl E II^T^-^nt-r'^nl 

i=0 |a|<s/3<a,|/3|>s-2 
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L2 



Using Lemma I4.H one can bound the right hand side of above equahty by 

Finally, one has 

-J2J2J2^»^ f dtdT''n-dT^[{d^n-d''n)n\dx<C{Me)\l + t)-^+'^^. (4.5) 

i=0 \a\<sl3<a "^ 

To estimate the right hand side of ( 14.2p . it remains to bound 
- ^ ^ ^ C„^| f dtd'T'^n ■ d'T^\[d^{n ■ [d>'n A d''n])]d,n A n] dx}. 

j=0 |a|<s/3<a "^ 

By a similar argument as (14. 5p . one can bound the above quantity by 
1 



J2 f dtdT'n ■ (a^n A n)a^(n • d'T'ld^'n A d''n])dx + C(Me)^(l + ty 



1+2(5 



j=0 

which is equal to 



J2 f dtd'r-n. ■ (Vn A ii)dt{n ■ d'r[dtn A Vn])dx 

i=0 "^ 

+ J2[ ^td'T'n ■ (dtn A n)V(n ■ 9T^[Vn A atn])dx 

- ^ f dtdT'n ■ {din A n)a2(n ■ aT^[<92n A ain])dx 
i=o -^ 

- Y^ f dtdT'n ■ (5211 A n)ai(n ■ aT^[ain A 8211]) dx 



+ C(Me)^(l + t)-^+25_ 
Now let us rewrite the above quantity as 



Y^ I {{dtdTrv A Vn) • n)dt{n ■ dT[dtrY A Vn])dx 
- Y [^{{dtn A dtd'rn) ■ n) (n ■ 9*r[ain A Vn])dx 
+ ^ /" ^2 ((am A dtd'rn) ■ n) (n ■ aT"[ain A d2n])dx 

j=0 "^ 

+ ^ /" ^1 ((ai^T^n A a2n) ■ n) (n ■ aT'fam A d2n])dx 



(4.6) 



+ C(Me)^(l + t) 



^1+2(5 
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Similarly as in f l4.5p . one can estimate (14. 6p by 
1 , , 



2dt 

i=0 



-2 I {{dt^ A aT^Vn) ■ n) (n ■ d'r[dtrY A Vn])dx\ + C{Mef{l + t)" 
1 . , 



■1+25 



- ||(atn A 9*PVn) • nll^a ) + C{Me)\l + t)-i+25^ 



j=0 

Inserting (14. 5p and (14 .Tp into (14. 2p . we finally arrive at 

^|E ( E ll(5*,V)aT"n||i. - ||n-aT^[ainAa2n]||^, (4.8) 

i=0 |a|<s 

- ||(aT^9in A Vn) ■ n||^2 + IKa^n A aT^Vn) ■ nH^^) 
<C(Me)'(l + t)-i+2^. 

This completes the proof of the first inequality in (13. 2p . 
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